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Abstract

Patent settlements between rivals restrain competition in many different ways. Antitrust

requires that their anticompetitive effects are reasonably commensurate with the firms’ ex-

pectations about (counterfactual) patent litigation. Because these expectations are private

and non-verifiable, this standard is hard to administer; to date, it has been successfully

applied only within a very narrow class of agreements. We show that it can be applied

universally by policing the economic structure of the firms’ contract. This approach de-

termines whether settlement outcomes will be antitrust-compliant for any private beliefs

the firms might have, thus avoiding the need to speculate about such beliefs.
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I. INTRODUCTION

Almost all transactions of patent rights, including ordinary licensing deals, are settlements in

the sense that they are negotiated in the shadow of litigation: there is some probability that

the patent would be deemed invalid (or noninfringed) by a court, in which case the patentee

would have no right to exclude or restrain the other party’s use of the invention.1 Patent

settlements between rivals (‘horizontal settlements’) have contributed to ‘perpetual confusion

and controversy since the inception of the [antitrust laws]’ more than a century ago [Kaplow,

1984]. In these deals, a patent monopolist and a prospective rival agree that the latter will receive

a qualified patent license, while also agreeing to some contractual restraint(s) on competition.

The difficulty with evaluating these settlements is twofold. On one hand, if litigation has some

probability of excluding the rival (thereby raising total profits), then the settlement must restrain

competition to some extent in order to be jointly-preferred to litigation. On the other hand,

the firms always have an incentive to restrain competition to the monopoly level and share in

the profits. This is so even if the patent is very likely invalid (a ‘weak’ patent), in which case

litigation would very likely have resulted in free (unrestrained) competition. In such cases, the

patent may be little more than a pretext for contracting around competition.

The problem has recently received widespread attention in the context of ‘pay-for-delay’ settle-

ments.2 A patentee’s rival is threatening to challenge the patent as invalid in court so that it

can sell a competing product. But the patentee gives the rival a large lump sum (a so-called

‘reverse payment’) in exchange for agreeing to stay out of the market until the patent is about

to expire. This arrangement allows the firms to preserve and share in the monopoly profits,

even if they privately believe that the patent is almost certainly invalid.

However, pay-for-delay is just one example of the countless different types of horizontal settle-

ments that have provoked antitrust concerns over the years. First, such settlements suppress

competition using a wide range of different horizontal restraints. Some examples include im-

posing a floor on a rival-licensee’s price; capping its output; restricting where it can make sales;

or charging high royalties generating strong price effects.3 Second, a single agreement may

include multiple restraints or may restrain multiple firms in parallel (perhaps even the paten-

tee), and may further call for lump sum payments or other side deals. This diverse landscape of

competition-restraining contracts has long prevented the formation of a comprehensive antitrust

framework that can be feasibly applied in all different cases.

Shapiro [2003] made significant progress by defining a concrete economic standard for determin-
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ing antitrust liability for any type of agreement. Shapiro proposed that counterfactual litigation

(which would have resulted in either monopoly or free entry) is the appropriate benchmark

against which a horizontal settlement should be compared. Under this standard, antitrust re-

quires a settlement to be proportional in the sense that its anticompetitive impact (in terms

of consumer welfare effects) is no worse than that which would have accrued from litigation

in expected value. This standard—which we will call the ‘proportionality standard’—rapidly

gained favor, and was recently embraced by the Supreme Court.4

While this is now accepted as the appropriate standard of liability, no prior work has identified

how to implement it outside the narrow context of pay-for-delay. The difficulty is that it hinges

on private, non-verifiable information: the firms’ prior about the probability that the patent

is valid. To justify antitrust penalties, one must prove that the firms deliberately restrained

competition excessively, meaning that they inflicted greater anticompetitive effects than they

privately expected to accrue from litigation.5 Pay-for-delay agreements are special in that they

provide a convenient way of inferring bounds on the firms’ beliefs, making it possible to establish

antitrust liability in some cases.6 Our contribution is to show that the economic structure of

the firms’ contract will itself determine whether or not the ensuing settlement outcome will

be proportional, regardless of the firms’ private beliefs about the patent. This enables the

proportionality standard to be applied to any type of settlement agreement.

We consider the decision problem of a regulator whose objective is to determine the most socially

efficient way of policing horizontal settlements. The regulator cannot observe or verify the firms’

private beliefs, and does know their distribution. Thus, we treat firms’ beliefs as ambiguous and

non-verifiable private information. But the regulator can observe what type of contract firms use

to settle, and it can regulate what contract types are allowed. The regulator could simply ban

all settlements and force firms to litigate. However, we show that there always exist settlement

outcomes that are strictly better than litigation for both firms and consumers.7 The existence

of such “socially efficient” settlements implies that banning settlements altogether is not the

first-best policy. But it does not imply that the regulator can implement a policy that achieves

better results than litigation, given its limited information.

We show that, despite the information problem, the regulator can ensure that settlement out-

comes are always socially efficient by policing the settlement design chosen by the firms. The

settlement design summarizes the economic structure of a settlement contract: it specifies the

menu of competitive outcomes that are made available to the firms under a given type of con-

tract. This determines which competitive outcomes are mutually acceptable for any possible
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private beliefs, which in turn determines how proportional (or disproportional) private bargain-

ing outcomes will be.8 Some contracts will always induce proportional outcomes, while others

will always induce disproportional outcomes. The economic structure of the settlement contract

thus encodes vital information that the regulator can exploit to police horizontal settlements

efficiently. This enables the regulator to implement a policy that is robust in the sense that it

can guarantee that settlement outcomes will be proportional even though the regulator lacks

any information about the firms’ private beliefs.

We identify the ‘first-best’ settlement design. Interestingly, under this settlement design, private

bargaining leads to exactly the same results that the regulator could achieve if the firms’ beliefs

were public information. We then consider the regulator’s problem in the case where firms

are limited to settlement designs that can be generated by horizontal restraints (e.g. price

restrictions, royalties, etc.) and side payments. This limits firms to the kinds of contracts that

can be realistically employed in practice. We show there exists a class of ‘proportional restraints’

such that private bargaining will always generate proportional outcomes for any private beliefs.

This corresponds to a large set of possible contracts that firms can use to settle (profitably)

without violating the antitrust laws, suggesting that our proposed antitrust restrictions would

not be unreasonably strict. We distill these results into simple and intuitive principles that can

be used to evaluate real-world contracts in practice. The most important principle is that a

contract will produce more anticompetitive outcomes when it is more generous to the patentee’s

rival in terms of how total profits are distributed.

Our analysis also demonstrates an interesting connection between proportionality and the usual

notion of type revelation. In the context of horizontal settlements, these concepts are essentially

dual to one another: we prove an equivalence between (1) the extent to which a contract induces

proportional outcomes through private bargaining; and (2) the extent to which the contract

allows the regulator to infer firms’ private beliefs. Therefore, the proportionality standard can

be viewed as embodying a social preference for contracts that “keep the firms honest” in terms

of what they privately think about the patent.

I(i). Related Literature

Shapiro [2003] introduced the proportionality standard, under which a settlement is an antitrust

violation if it is worse for consumers than litigation would have been (in expectation).9 Farrell

and Shapiro [2008] argued that private settlements will not provide an efficient substitute for
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improved patent examination (by ensuring that patents on less innovative technologies will

have smaller anticompetitive effects), because settling firms will always preserve and share the

full monopoly profit, even if the patent is very weak. However, this paper did not consider

policing the types of contracts firms use to settle, but rather allowed the firms to rely on highly

problematic types of monopoly-sharing contracts. Apart from the narrow context of pay-for-

delay, no prior work has identified how to evaluate proportionality without knowing about patent

strength (the likelihood that the patent is valid). We answer this question, and the results show

that private settlements will generate socially desirable results, so long as firms are properly

constrained in what types of contracts they can use to settle. In a different context, Lerner and

Tirole [2004] study patent pools and show that the type of contract among patent owners can

reveal the impact of pool on welfare: a welfare-enhancing pool could allow its members to sell

individual licenses, whereas welfare-reducing pools would not because they would be unstable

(meaning that patents would be acquired individually instead of as a bundle from the pool).

Several articles argue that incentives to challenge patents are often insufficiently strong [see, e.g.,

Choi, 2005; Shapiro, 2003; Farrell and Merges, 2004]. Choi [2010] shows that patent pooling can

shelter patents from challenges. Hovenkamp [2016] considers agreements that limit one party’s

right to challenge the other party’s patents. When litigation is formally initiated, however, most

cases settle before final judgment [Kesan and Ball, 2006]. Daughety and Reinganum [2005],

Bessen and Meurer [2006], among others, study the incentives to settle, where settlement is

the result of a bargaining game with the disagreement payoff equal to the expected payoff from

going to litigation. Spier [2007] surveys the literature on litigation and settlement. Scott Morton

and Shapiro [2016] address the importance of making patentees’ rewards commensurate with

(i.e. proportional to) the quality of their contributions—a relationship supported in innovation

economics [Nordhaus et al., 1967; Hopenhayn et al., 2006].

Our paper relates to the literature on ‘robust design,’ which considers mechanisms or contracting

scenarios in which the designer does not know all the details of the environment, such as the

distribution of private types [Carroll, 2019]. Bergemann and Morris [2013] study equilibria in

games of incomplete information for all possible private information structures that the agents

may have. Du [2018] and Bergemann et al. [2019] study revenue guarantees in auctions where

the auctioneer does not know the distribution of types. Carroll [2017] studies a principal-agent

multidimensional screening problem, where the principal does not know the distribution of the

agent’s private information. To the best of our knowledge, we are the first to employ a robust

design approach to help answer questions in antitrust or patent policy.
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I(ii). Roadmap

The rest of the paper is organized as follows. In Section II., we present the building blocks of

our analysis. Section II(i). introduces the generalized duopoly framework and notations that

underpin the rest of the paper. The market characteristics embodied in this game (e.g. demand

and cost characteristics) are assumed to be observable by the regulator. In Section II(ii). we

discuss litigation and settlement outcomes. In Section II(iii)., we connect settlement outcomes

with contracts. Finally, Section II(iv). gives some brief examples illustrating how different types

of contracts lead to different outcomes, regardless of the firms’ private beliefs.

In Section III. we address the regulator’s problem of imposing antitrust limits on horizontal

patent settlements. Our main contribution is to show how the regulator can implement an

efficient policy ‘robustly’—that is, without requiring any information about the firms’ private

beliefs. This involves choosing which types of settlement contracts firms will be allowed to use

and prohibiting all others. In Section III(i)., we study strong implementation: the regulator

chooses a type of settlement agreement that maximizes social welfare (while still satisfying both

firms), regardless of the firms’ private beliefs. In Section III(ii)., we study weak implementation:

the regulator’s problem is to screen settlement agreements to ensure that they will induce bar-

gaining outcomes that comply with the proportionality standard, regardless of the firms’ beliefs.

In this case, we obtain useful results about the types of contractual restraints (and other ‘side

deals’) that firms use in real-world cases. In Section IV., we prove that proportionality coincides

with the familiar notion of type revelation. Finally, in Section V. we discuss our results and

various extensions.

II. MODEL

There are two firms, i = 1, 2. Firm 1 (the patentee) is currently a monopolist. Firm 2 (the chal-

lenger) is a prospective rival threatening to challenge firm 1’s patent as invalid or noninfringed

in court. If firm 2 wins this lawsuit, it enters the market immediately and competes freely.10 But

if firm 1 wins, competitive entry is blocked, and firm 1 will remain a monopolist until the patent

expires. The firms have a common (but otherwise private) belief θ ∈ [0, 1] of the probability

that the court would declare the patent valid and infringed, resulting in a monopoly for firm 1.

Hence, we can view θ as a proxy for patent strength. This information structure is standard in

the literature [see, e.g., Shapiro, 2003; Edlin et al., 2015; Choi and Gerlach, 2015]. To resolve
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their dispute, the firms may enter into a settlement agreement in order to avoid litigation. These

settlements generally restrain competition, and may therefore raise antitrust concerns.

We now introduce the oligopoly framework and the notation that we will use for the rest of the

analysis.

II(i). Oligopoly Setting

A strategy profile is x = (x1, x2), where xi ∈ Xi ≡ [xi, xi] ⊂ R+. There is a function q̂i(x)

that specifies firm i’s output as a function of x: under output competition, q̂i(x) = xi; under

price competition, q̂i(x) = Di(x), where Di(·) is firm i’s direct demand function. Letting

q̂(x) ≡ (q̂1(x), q̂2(x)), firm i’s profit function is πi(q̂(x)), where πi(q) is defined as

(1) πi(q) ≡ Pi(q)qi − ciqi.

Here, q = (q1, q2) and Pi(q) is firm i’s inverse demand function and ci ≥ 0 is its marginal cost.

Note that products and/or costs may be differentiated. Total surplus is TS(q) ≡ Π(q) +CS(q),

where CS(q) denotes consumer surplus and Π(q) ≡ π1(q) + π2(q) denotes producer surplus.

We impose a few technical assumptions that ensure standard comparative statics for the above

surplus functions (see Appendix B). We further assume that the game has a unique equilibrium

xd, called the unrestrained duopoly equilibrium, when firm 2 wins in litigation. The associated

output and profit vectors are qd ≡ q̂(xd) and πd ≡ (πd1 , π
d
2), where πdi ≡ πi(q

d) > 0. There is

also a profile xm corresponding to a monopoly for firm 1, which has output and profit vectors

qm ≡ (qm1 , 0) and πm ≡ (Πm, 0), where Πm ≡ Π(qm). We assume

(2) Πm = max
q

Π(q) > Πd ≡ πd1 + πd2 , qm1 < qd1 + qd2 , and TS(qm) < TS(qd).

Thus, monopoly maximizes total profits, but it harms consumers by more than it raises profits.
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II(ii). Litigation and Settlement Outcomes

We normalize litigation costs to zero, as is standard in the literature.11 Conditional on θ, the

firms’ expected payoffs from litigation are

(3) `1(θ) ≡ θΠm + (1− θ)πd1 and `2(θ) ≡ (1− θ)πd2 .

Throughout the paper, all profit and surplus levels are interpreted as cumulative amounts over

the remainder of the patent term (normalized to T = 1).12 The expected producer, consumer,

and total surplus from litigation are

L(θ) ≡ θΠm + (1− θ)Πd,(4)

Eθ[CS] ≡ θCS(qm) + (1− θ)CS(qd),(5)

Eθ[TS] ≡ L(θ) + Eθ[CS].(6)

As an alternative to litigation, the firms may enter into a settlement agreement. This will affect

competitive behavior and payoffs. Letting u = (u1, u2) denote a payoff profile, we characterize

the outcome of a settlement as follows:

Definition 1. A settlement outcome is a tuple 〈q, u〉 satisfying u1 + u2 = Π(q).

The output profile q determines how a settlement outcome affects producer, consumer, and total

surplus. The profit profile u specifies how the corresponding total profits Π(q) are distributed

between the firms. In general, we have ui 6= πi(q) because a settlement may involve inter-firm

transfers. For a settlement outcome to be mutually acceptable, both firms must prefer it to

litigation. This is captured by the firms’ incentive compatibility (IC) constraints.

Definition 2. Conditional on θ, an outcome 〈q, u〉 is incentive compatible for firm i if

(ICi) ui ≥ `i(θ).

Notice that L(θ) > Πd for all θ > 0. This implies that unrestrained competition (q = qd)

does not provide enough total profits to satisfy both firms. Thus, for mutual agreement to be

possible, the settlement must restrain competition to some extent—namely, by enough to raise

total profits to at least L(θ). The stronger the patent, the more competition must be restrained.
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Proportionality. The firms always prefer to restrain competition by more than necessary: they

prefer to preserve and share the full monopoly profit (e.g. using transfers or side-deals), even

if they privately think the patent is quite weak (θ ≈ 0). If this occurs, the settlement may be

worse for consumers than litigation (in expectation).13 To address this, Shapiro [2003] proposed

(and the Supreme Court agreed) that antitrust should mandate that a competition-restraining

settlement is lawful if and only if it is no worse for consumers than litigation. We say that such

settlement outcomes are ‘proportional.’

Definition 3. Conditional on θ, an outcome 〈q, u〉 is proportional if CS(q) ≥ Eθ[CS].

While this standard is intuitive, it is not obvious how it can be feasibly implemented. To illus-

trate the difficulty, suppose a settlement outcome restrains competition severely. An antitrust

plaintiff cannot attempt to establish antitrust liability by arguing why it thinks the patent is

too weak to justify this settlement. The patent’s validity has not been formally litigated, so this

would amount to speculation about hypothetical patent litigation. Such speculation has no legal

force all by itself. To justify antitrust penalties, there must be evidence that the firms acted in

bad faith: they deliberately restrained competition beyond the level corresponding to their own

expectations about litigation (given by θ). That is, the firms privately believed the patent is

relatively weak, but they nevertheless agreed to restrain competition severely.14

Hence, the difficulty with enforcing the proportionality standard is that the definition of a

proportional settlement outcome is conditional on θ, the value of which is ambiguous and non-

verifiable. Prior work has successfully applied the proportionality standard only in the narrow

context of pay-for-delay agreements. These types of deals are special, because depending on

what outcome the firms pick, it may be possible to infer bounds on θ implying that the set-

tlement outcome must be disproportional (CS(q) < Eθ[CS]).15 However, we will show that

the proportionality standard can be applied to any type of settlement by taking a different

approach—one that focuses entirely on the economic structure of the agreement.

II(iii). Contracts and Settlement Designs

Our approach focuses not on the particular outcome 〈q, u〉 the firms pick, but rather the type

of contract they use to generate an outcome. In our paper, a ‘contract’ is a function that

maps some bargained-over parameter(s) into settlement outcomes. This involves distorting the

equilibrium in the duopoly game (and potentially assigning transfers) in some agreed-upon way.
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For instance, suppose that the contract involves imposing a floor on firm 2’s price: firm 2’s

price is constrained to satisfy p2 ≥ γ, while firm 1’s price is unconstrained. Then the firms will

bargain over γ, each value of which will induce some equilibrium xe(γ) and a corresponding

settlement outcome 〈qe(γ), ue(γ)〉. Here qei (γ) = q̂i(x
e(γ)) and (because this contract has no

inter-firm transfers) uei (γ) = πi(q
e(γ)). The price floor contract is therefore characterized by the

function 〈qe(·), ue(·)〉. The menu of outcomes that can be generated by this contract is

Sfloor = {〈qe(γ), ue(γ)〉 : γ ∈ Γ},

where Γ is the set of all γ-values that generate distinct outcomes. Bargaining over the parameter

γ ∈ Γ is equivalent to bargaining over outcomes 〈q, u〉 ∈ Sfloor. Therefore, what matters is just

the content of the menu, not the particular way it is parametrized by γ. That is, two types

of contracts may appear distinct (in terms of the functions that describe them), but if they

generate the same menu of outcomes, then they are economically equivalent. We refer to this

underlying menu as the settlement design.

Definition 4. A settlement design is a collection S of settlement outcomes 〈q, u〉 such that (i)

〈qd, πd〉 ∈ S and 〈qm, πm〉 ∈ S; and (ii) for all θ, there exists 〈q, u〉 ∈ S with Π(q) = L(θ).

Every type of contract the firms might use will be represented by some unique set S. This is sim-

ply a way of describing contracts in a manner that is independent of how they are parametrized.

Under conditions (i) and (ii), a settlement design allows for not only the (unrestrained) duopoly

and monopoly and outcomes, but also for a range of outcomes involving intermediate amounts of

competition. This is because every type of settlement contract will allow the firms to modulate

the intensity of competition in some way.

Before introducing our main results, we give an example showing how different types of contracts

typically correspond to different settlement designs, and how this leads to different bargaining

outcomes (for every θ). This provides a proof of concept for our approach.

II(iv). Example

Suppose that competition is Cournot (xi = qi) with homogeneous products, costless production,

and linear demand P = 1− q1 − q2. Hence πi(q) = [1− q1 − q2]qi and CS(q) = 1
2
[q1 + q2]

2. The

unrestrained equilibrium has qd = (qd1 , q
d
2) = (1

3
, 1
3
) and πd = (πd1 , π

d
2) = (1

9
, 1
9
), while monopoly

is characterized by qm = (qm1 , q
m
2 ) = (1

2
, 0) and πm = (Πm, 0) = (1

4
, 0). These terms pin down
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the expected payoffs and surplus levels from litigation as functions of θ.16 We now contrast two

settlement contracts involving common types of restraints: a per-unit royalty and an output

cap.

Per-Unit Royalty Contract. The contract stipulates that firm 2 must pay a royalty r ≥ 0 to

firm 1 for each unit it sells. This modifies the duopoly game such that the firms’ payoffs become

u1(q|r) ≡ π1(q) + rq2 and u2(q|r) ≡ π2(q) − rq2. The royalty induces firm 2 to behave less

competitively, as if its costs are higher. Each r ∈ [0, rm] induces a unique equilibrium outcome

〈qe(r), ue(r)〉 and an associated consumer surplus level CSe(r) ≡ CS(qe(r)).17 The royalty rate

rm ≡ 1
2

is that which generates monopoly: 〈qe(rm), ue(rm)〉 = 〈qm, πm〉. Thus, the royalty

contract corresponds to the following settlement design:

Sroy = {〈qe(r), ue(r)〉 : 0 ≤ r ≤ rm}.

Conditional on θ, a royalty rate r is incentive compatible if uei (r) ≥ `i(θ) for each i. As r

increases, firm 2 is gradually excluded and the market becomes less competitive: total output

and total surplus fall, while total profits rise, although firm 2’s profits fall. Hence, firm 2 will

not agree to set r = rm (unless θ = 1), even though this maximizes total profits. By Definition

3, r is proportional if CSe(r) ≥ Eθ[CS]. Since CSe(r) is strictly decreasing, this is true if and

only if r ≤ rCS(θ), where rCS(θ) is defined implicitly by CSe(rCS(θ)) ≡ Eθ[CS].

Proposition 1. Under the royalty contract, for each θ there is a unique incentive compatible

royalty rate, rIC(θ), which satisfies rIC(θ) < rCS(θ) for all interior θ.

Output Cap Contract. The contract requires firm 2’s output to satisfy q2 ≤ qd2 − κ.18 The

contract is enforced by a large contractual penalty D � Πm that deters firm 2 from violating

the output restriction. This agreement changes the firms’ payoff functions to ui(q|κ), where

u1(q|κ) ≡

π1(q) if q2 ≤ qd2 − κ

π1(q) +D otherwise
u2(q|κ) ≡

π2(q) if q2 ≤ qd2 − κ

π2(q)−D otherwise.

Firm 1 obtains a monopoly when κ = κm ≡ qd2 . Each κ ∈ [0, κm] induces a unique equilibrium

outcome 〈qe(κ), ue(κ)〉 and associated consumer surplus level CSe(κ) ≡ CSe(qe(κ)). Hence the

settlement design is Scap ≡ {〈qe(κ), ue(κ)〉 : 0 ≤ κ ≤ κm}. Similar to the royalty example, the

firms bargain over κ, and the market grows less competitive as κ → κm. Conditional on θ, κ

is incentive compatible if uei (κ) ≥ `i(θ) for each i, while κ is proportional if κ ≤ κCS(θ), where

CSe(κCS(θ)) ≡ Eθ[CS].
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Proposition 2. Under the output cap contract, for each θ there is an interval [κ−(θ), κ+(θ)] of

incentive compatible κ-values. Moreover, κCS(θ) < κ−(θ) < κ+(θ) for all interior θ.

The two contracts above lead to very different welfare results. Under the royalty contract,

settlement outcomes are strictly proportional for every interior θ, because disproportional out-

comes (r > rCS(θ)) are never incentive compatible. Under the output cap contract, settlement

outcomes are disproportional for every interior θ, because proportional outcomes (κ ≤ κCS(θ))

are never incentive compatible. In a later section, we explain why output caps must generate

more harmful results than royalties in any model of oligopoly, due to the different ways these

restraints distribute profits. This underscores the capacity for our analysis to be usefully applied

in practice.19

Which one of these two contracts do the firms prefer? Contracts that elicit less proportional

results are also more profitable (see Proposition 10 below), so the firms would prefer the output

cap over the royalty. However, both of these contracts generally fail to maximize total profits,

since firm 2 would not agree to the monopoly outcome (r = rm or κ = κm) unless θ = 1. The

firms would prefer a contract that permits them to share the full monopoly profit even if θ is

small. As explained in Section III(ii)(e)., the firms can accomplish this with certain side deals

that are negotiated separately, such as lump sum transfers. For example, if lump sum transfers

are added to either contract discussed above, then the firms will restrain competition to the

monopoly level in all cases, and θ will merely affect bargaining over the transfer payment. Such

a contract violates the proportionality standard to the greatest extent possible. This illustrates

the importance of establishing antitrust limits on horizontal patent settlements.

These examples show that we can determine whether settlement outcomes will be proportional

merely by inspection of the type of contract used to settle. This suggests that an antitrust

regulator may be able to implement efficient antitrust limits on settlements by simply policing

what types of contracts firms are allowed to use. We explore this in the next section.

III. LIMITS ON SETTLEMENTS: ROBUST IMPLEMENTATION

An antitrust regulator wants to implement restrictions on patent settlements. The main diffi-

culty faced by the regulator is that it cannot observe the belief θ. We assume that θ is not only

private, but also non-verifiable and ambiguous (i.e. its distribution is unknown). The regulator’s

policy must be ‘robust’ to these information constraints: it must not hinge on any information
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about θ. However, the type of contract the firms use to settle is observable and verifiable.

Accordingly, the problem of the regulator is to determine which settlement designs (and hence

which types of contracts) firms will be allowed to use, with all others being prohibited. Once

the policy is implemented, the firms will simply pick the most profitable type of contract that

is permitted by the regulator. However, we assume that the firms are free to litigate if they are

unable to achieve an incentive compatible agreement using any of the contracts permitted by

the regulator.

A preliminary question is whether it might be socially desirable to simply ban all settlements

and force the firms to litigate. We say that a settlement outcome 〈q, u〉 is ‘socially efficient’

if it is preferable to litigation for both firms and consumers. It follows that an outcome is

socially efficient if and only if it is both proportional and incentive compatible. Such outcomes

necessarily exist, implying that forcing litigation cannot be the first-best policy.

Proposition 3. For any interior θ, there exist settlement outcomes 〈q, u〉 such that u1 > `1(θ),

u2 > `2(θ), and CS(q) > Eθ[CS].

Proposition 3 shows that settlements can be strictly better than litigation for everyone. This

is because, in effect, society is ‘risk averse’ and can strictly benefit from avoiding uncertain

litigation. However, because θ is ambiguous, the regulator cannot determine which outcomes

〈q, u〉 would be socially efficient in any given case. And, while the proposition ensures that

socially efficient outcomes exist, it does not guarantee that private bargaining will induce the

firms to pick one. That depends on what type of contract they use to settle.

As such, the central question is the following: is it possible to regulate the firms’ choice of

settlement design so as to guarantee socially efficient outcomes in a robust (θ-independent)

way? The answer is yes. We consider two ways of implementing such a policy, corresponding to

two ways of specifying the regulator’s decision problem. We first study a strong implementation

regime under which the regulator has the power to construct a socially optimal settlement

design and force all firms to use it. We then consider a weak implementation regime under

which the regulator merely screens the settlement designs chosen by firms to ensure compliance

with antitrust’s proportionality standard, and where firms are limited to pick settlement designs

that can be generated by contractual restraints (e.g. price restrictions, royalties, etc.) and side

payments. This will enable us to draw useful conclusions about the kinds of contracts that firms

use in real-world cases.
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III(i). Strong Implementation

Under strong implementation, the regulator wants to determine the socially optimal settlement

design and force all firms to use it. This is the settlement design whose bargaining outcomes

provide as much total surplus as possible, subject to the constraint that they must be incentive

compatible (otherwise firms will opt for litigation). However, there are two potential difficulties

in formalizing this decision problem. First, the regulator does not know the distribution of θ,

so it is not clear how it should weight the bargaining outcomes associated with different values

of θ. Second, if multiple outcomes are incentive compatible, the regulator cannot say for sure

which one the firms will pick. However, it turns out that these apparent difficulties have no

bearing on the regulator’s optimal choice of settlement design. The reason is that there exists

a settlement design that induces the best possible outcome associated with each value of θ.

To illustrate, consider what the regulator could do if θ were public information: it could just

force the firms to pick the first-best outcome associated with their belief θ. This first-best

outcome is defined by

(7) 〈qFB(θ), uFB(θ)〉 ≡ arg max
〈q,u〉

TS(q) subject to u1 ≥ `1(θ), u2 ≥ `2(θ).

Conditional on θ, this is the most socially valuable outcome that the firms weakly prefer to

litigation. By Proposition 3, we know this outcome generates strictly greater total surplus than

litigation (TS(qFB(θ)) > Eθ[TS]). The lemma below characterizes the first-best outcomes.

Lemma 1. Conditional on θ, the first-best outcome 〈qFB(θ), uFB(θ)〉 satisfies

(8) qFB(θ) = arg max
q
CS(q) subject to Π(q) = L(θ); uFB(θ) = (`1(θ), `2(θ)).

Now let us return to the case where θ is ambiguous and non-verifiable private information.

Under strong implementation, it turns out that these information problems can be overcome:

there exists a settlement design that induces the first-best outcome for every θ.

Proposition 4. There exists a settlement design SFB such that, for every θ, the first-best outcome

〈qFB(θ), uFB(θ)〉 is the uniquely incentive compatible element of SFB.

Such a settlement design must be optimal, since it generates the best possible outcome in all

cases. In fact, this can be achieved by simply defining SFB to be the collection of all first-best
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outcomes: SFB = {〈qFB(θ), uFB(θ)〉 : 0 ≤ θ ≤ 1}. The reason this works is that the payoff

structure uFB(·) = (`1(·), `2(·)) ensures that the firms can only agree on an outcome that exactly

matches their expected litigation payoffs. This ensures that total profits (and deadweight losses)

are no higher than necessary to satisfy the firms’ IC constraints. Then, by construction, each

payoff allocation uFB(θ) is accompanied by the most socially valuable output profile that is

consistent with a total profit of uFB1 (θ) + uFB2 (θ) = L(θ).

The first-best settlement design SFB is ‘perfect’ in several demanding ways. Therefore, it is

not realistic to expect that a regulator could limit all firms to use such a contract in practice.

However, under simple market conditions, it is possible to get the first-best settlement design

from a very ordinary type of contract: a per-unit royalty contract, as in the example from

Section II(iv).

Proposition 5. Suppose that competition is Cournot (xi = qi) with homogenous products, and

that demand and cost functions are linear and symmetric. Then a per-unit royalty contract

generates the first-best settlement design: Sroy = SFB.

Under more complex market conditions (e.g. non-linear demand or differentiated costs), it is

unlikely that such a simple contract will generate perfect results. In the next section, we show

that the proportionality standard affords a significant amount of slack, and there exists a large

class of contracts that will always satisfy it, even though they fall short of the first-best.

III(ii). Weak Implementation

Under weak implementation, the regulator chooses the collection of settlement designs that firms

can pick from. Its goal is to limit the firms’ options to those contracts that will necessarily induce

proportional outcomes for every θ. This means that the regulator’s objective is simply to prevent

consumer harm, rather than to force firms to achieve the first-best.20 Additionally, we restrict

focus to those settlement designs that can be generated by contractual restraints (possibly

accompanied by side payments, considered later). There are two reasons for considering weak

implementation. First, antitrust is ‘passive’ in the sense that it does not micro-manage firm

behavior to maximize efficiency; it just prohibits actions that harm consumer welfare. Second,

restraints and payments are what firms use to settle in real-world cases, making it valuable to

study them.

We divide restraints into two categories: conduct restraints and entry restrictions. We will focus
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mainly on conduct restraints, as they subsume the large majority of contractual restraints. We

discuss entry restrictions in Section III(ii)(d).. In Section III(ii)(e)., we discuss various ‘side-

deals’ that can be added to a settlement contract. We show that there exists a large class

of restraints that will generate proportional outcomes in all cases, and we identify a precise

boundary on this set of restraints. We also show that side deals make a settlement design

‘maximally disproportional’ in the sense that their bargaining outcomes restrain competition to

the monopoly level, regardless of θ.

III(ii)(a). Conduct Restraints

Conduct restraints generalize the kinds of restraints considered in the examples from Section

II(iv)., and they map onto a subclass of possible settlement designs. A conduct restraint imposed

on firm 2 is represented by a function φ(x2|α) : X2 × [0, αm] → [0,∞), where αm > 0. This

function distorts behavior in the duopoly game by changing the firms’ payoff functions from

πi(q̂(x)) to ui,φ(x|α), where

u1,φ(x|α) = π1(q̂(x)) + φ(x2|α)(9)

u2,φ(x|α) = π2(q̂(x))− φ(x2|α).(10)

Given a restraint φ, the firms bargain over the parameter α ∈ [0, αm]. The value φ(x2|α) ≥ 0

is a transfer from firm 2 to firm 1. However, these transfers could be zero in equilibrium.21

Technically, some restraints will depend on both firms’ strategies, not just x2.
22 We address

that possibility in the Online Appendix. We impose the following assumptions:

(A1) For any φ, each α ∈ [0, αm] induces a unique equilibrium xeφ(α) whose components xei,φ(α)

are monotonic and twice continuously differentiable in α. Equilibrium output and profit

levels are denoted qei,φ(α) ≡ q̂i(x
e
φ(α)) and uei,φ(α) ≡ ui,φ(xeφ(α)|α), respectively. The

associated profiles are qeφ(α) ≡ (qe1,φ(α), qe2,φ(α)) and ueφ(α) ≡ (ue1,φ(α), ue2,φ(α)). Finally,

equilibrium surplus levels are denoted Πe
φ(α) ≡ Π(qeφ(α)), CSeφ(α) ≡ CS(qeφ(α)), and

TSeφ(α) ≡ TS(qeφ(α)).

(A2) For any φ, α = αm results in a monopoly for firm 1, whereas α = 0 preserves the unre-

strained equilibrium.23 TSeφ(α) and
∑

i q
e
i,φ(α) are strictly decreasing in α, while Πe

φ(α)

and ue1,φ(α) are strictly increasing. Whenever firm 2 is active, ue2,φ(α) and firm 2’s output

share are strictly decreasing.
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Under these assumptions, a restraint φ generates the settlement design

Sφ ≡ {〈qeφ(α), ueφ(α)〉 : 0 ≤ α ≤ αm},

which traces out a continuous path of outcomes that runs from unrestrained duopoly (α = 0) to

monopoly (α = αm). As α increases, the market becomes less competitive as the challenger is

gradually excluded. Firm 2’s market share and profits fall with α because, unlike a traditional

cartel—wherein all firms are restrained in parallel (e.g. by reciprocal price floors)—here only

firm 2’s conduct is restrained.24 This leaves firm 1 at an advantage that grows with α, which is

necessary for incentive compatibility, because the ratio `1(θ)/`2(θ) increases with θ.

Figure 1 (left plot) depicts the image of qeφ(·), defined as the set of all points it maps to:

Im(qeφ) = {qeφ(α) : 0 ≤ α ≤ αm}.

This is the collection of all equilibrium output profiles that can be induced by restraint φ.

Similarly, Figure 1 (right plot) depicts the sets

Im(ueφ) = {ueφ(α) : 0 ≤ α ≤ αm} and Im(`) = {`(θ) : 0 ≤ θ ≤ 1},

where ` is defined by `(θ) ≡ (`1(θ), `2(θ)). Hence, Im(`) (the straight line) gives the set of all

possible litigation payoff profiles. Finally, the curve Im(ueφ) traces out all the equilibrium payoff

profiles (i.e. settlement payoffs) that can be generated using the restraint φ.

[INSERT FIGURE 1 ABOUT HERE]

Using the right plot, conditional on a value θ = θ0, the firms’ ‘disagreement payoffs’ are given

by the allocation `(θ0). Then, the incentive compatible outcomes under restraint φ are those

whose payoff profiles ueφ(α) lie in the shaded triangle. Note that the closer Im(ueφ) lies to Im(`),

the smaller the set of payoff profiles that are incentive compatible. This will be key to determine

how proportional (or disproportional) bargaining outcomes will be for every θ.25

Equivalent Restraints and Output Paths. Two restraints φ and ϕ are economically equivalent

if they generate the same settlement design: Sφ = Sϕ. In such cases, φ and ϕ are merely

parametrized in different ways. We can simplify matters by assuming that all restraints are

parametrized in the same convenient way.
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(A3) For every φ, αm = 1 and Πe
φ(α) = L(α) for all α.

This will be convenient, as it implies that a parameter value α provides at least as much total

profits as litigation—a necessary condition for incentive compatibility—if and only if α ≥ θ.

Furthermore, because Πe
φ(α) = L(α) for every φ, we can write total settlement profits as simply

Πe(α), because this function does not depend on the restraint type. Additionally, using (A3)

and the fact that φ does not depend on x1, it turns out that the output path qeφ(·) is independent

of φ.26

Proposition 6. qeφ(·) (and therefore CSeφ(·) and TSeφ(·)) are the same for all φ satisfying (A1)-

(A3).

That is, holding the underlying game fixed, all restraints induce the same path qeφ(·) of output

allocations; this implies they also have the same consumer/total surplus functions. We can

therefore write qeφ = qe, CSeφ = CSe, and TSeφ = TSe for any φ. However, different restraints

still prescribe different inter-firm transfers, so that ueφ(·) still depends on φ. Hence, different

restraints will still induce different bargaining outcomes.

The Bargaining Core and Viability. Given the structure supplied by a conduct restraint φ, we

can label a settlement outcome by a scalar α rather than a tuple 〈q, u〉, because φ induces a

one-to-one map α 7→ 〈qe(α), ueφ(α)〉. Larger α-values are more anticompetitive outcomes. The

bargaining core under restraint φ specifies the set of all incentive compatible α-values, conditional

on θ:

Bφ(θ) ≡ {α |ue1,φ(α) ≥ `1(θ), u
e
2,φ(α) ≥ `2(θ)}

= [α−φ (θ), α+
φ (θ)].

Here α−φ (θ) is the least anticompetitive outcome that firm 1 will accept (conditional on θ),

whereas α+
φ (θ) is the most anticompetitive outcome firm 2 will accept. These terms are important

in characterizing a conduct restraint, because they tell us how strongly competition must be

suppressed in order to satisfy both firms. They can be defined implicitly by

ue1,φ(α−φ (θ)) = `1(θ), ue2,φ(α+
φ (θ)) = `2(θ).(11)

We say that φ is viable if its bargaining cores are always nonempty, i.e. if

(12) α−φ (θ) ≤ α+
φ (θ), all θ ∈ [0, 1].
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III(ii)(b). Feasibility of Weak Implementation

We now show that weak implementation is feasible, because there exists a class of viable re-

straints that will always induce proportional settlement outcomes. Define αCS(θ) by

CSe(αCS(θ)) ≡ Eθ[CS].(13)

In words, αCS(θ) is the outcome that yields the same consumer surplus as litigation, conditional

on θ. That αCS(θ) is independent of φ follows from Proposition 6. An outcome α is proportional

(conditional on θ) if and only if α ≤ αCS(θ). By contrast, we define a proportional restraint as:

Definition 5. φ is a proportional restraint if α−φ (θ) ≤ α+
φ (θ) ≤ αCS(θ) for all θ.

Therefore, a proportional restraint has the property that disproportional outcomes are never

incentive compatible (for any θ). That is, its bargaining outcomes will always be better for

consumers than litigation. Further, α−φ (·) ≤ α+
φ (·) implies that the restraint is viable, so that

the firms always prefer it over litigation. It follows that a proportional restraint will generate

socially efficient outcomes for every θ.

By (A3), a necessary condition for an outcome α to be incentive compatible is that θ ≤ α.

Therefore, a necessary condition for proportional restraints to exist is that

(14) θ ≤ αCS(θ) for all θ ∈ [0, 1].

Note that this is not implied by Proposition 3, which was weaker because it established only

that there exist some socially efficient outcomes within the set of all possible outcomes. By

contrast, we are now limited to the smaller set of outcomes that can be induced by conduct

restraints. Fortunately, condition (14) holds strictly. This implies that the outcomes induced

by a proportional restraint will always provide strictly more total surplus than litigation.

Proposition 7. θ < αCS(θ) and therefore TSe(αCS(θ)) > Eθ[TS] for all interior θ.

Proposition 7 ensures that the outcome αCS(θ) always provides larger total profits than liti-

gation. This implies that proportional restraints (if they exist) generate a windfall for social

welfare: they induce strictly socially efficient outcomes for all interior θ. But the fact that an

outcome gives total profits in excess of L(θ) does not guarantee that it is incentive compatible;

19

Electronic copy available at: https://ssrn.com/abstract=3823315



this further depends on how such profits are distributed. For problematic restraints, propor-

tional outcomes are never incentive compatible, despite providing ample total profits. (We saw

this possibility in the output cap example.) In other words, not all restraints necessarily allow

for proportional outcomes, let alone compel them. Despite this possibility, we can show that

proportional restraints must exist.

Proposition 8. If any viable restraints exist, then there also exist proportional restraints with

α+
φ (θ) < αCS(θ) for all interior θ.

Hence, if any viable restraints exist, then there must also exist proportional restraints whose

bargaining outcomes always strictly benefit consumers relative to litigation. We can reasonably

assume that some viable restraints exist, as real-world firms use restraints to settle all the time.

We therefore conclude that weak implementation is feasible.

III(ii)(c). Identification of Proportional Restraints

Under weak implementation, the regulator must screen firms’ settlement designs to ensure that

they will induce socially efficient outcomes. To that end, we now show that the regulator can

identify proportional restraints based on how they distribute profits, which determines how

‘generous’ they are to firm 2.

Definition 6. The average rate of substitution (ARS) of φ at α ∈ (0, 1) is

(15) ψφ(α) ≡
ue2,φ(α)− ue2,φ(0)

ue1,φ(α)− ue1,φ(0)
=
ue2,φ(α)− πd2
ue1,φ(α)− πd1

The ARS tells us about the rate at which ue2,φ(·) is changing with α, relative to the rate at which

ue1,φ(·) is changing. If the ARS is higher (less negative), then firm 2’s profits are not falling as

fast in relation to the rate at which firm 1’s profits are rising. Our next proposition highlights

some useful properties of the ARS.

Proposition 9. For any φ:

(i) φ is viable (α−φ (·) ≤ α+
φ (·)) if and only if ψφ(·) ≥ ψ ≡ − πd2

Πm − πd1
∈ (−1, 0).

(ii) ψφ(α) gives the average slope of Im(ueφ) between the allocations ueφ(0) and ueφ(α).
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Figure 1 is useful to understand this proposition. Part (i) reflects that viability of φ corresponds

to Im(ueφ) lying above Im(`), and the latter is a straight line with slope ψ. Part (ii) says that,

when a restraint has a higher ARS, its payoff curve Im(ueφ) lies vertically higher. This implies

that both firms can earn strictly larger profits, and that the bargaining cores Bφ(θ) will contain

more elements for every interior θ. Proposition 4 shows that a restraint generating the first-best

settlement design has Im(ueφ) = Im(`), in which case ψφ(·) is constant and equal to ψ.

Our next result identifies some important implications of having a higher ARS.

Proposition 10. The following are equivalent:

(i) ψϕ(·) > ψφ(·).

(ii) ue2,ϕ(α) > ue2,φ(α) and ue1,ϕ(α) < ue1,φ(α) for all interior α.

(iii) α−ϕ (θ) > α−φ (θ) and α+
ϕ (θ) > α+

φ (θ) for all interior θ.

(iv) CSe(α−ϕ (θ)) < CSe(α−φ (θ)) and CSe(α+
ϕ (θ)) < CSe(α+

φ (θ)) for all interior θ.

(v) ϕe(α) < φe(α) for all interior α.27

By part (ii), a restraint’s ARS is higher if and only if it is more generous to firm 2 in terms

of how total profits are distributed: for any given level of total profits, firm 2 gets a larger

share when the ARS is higher. By part (iii), this makes the entire bargaining core shift toward

more anticompetitive outcomes (larger α-values) for every interior θ. This makes the bargaining

cores strictly worse for consumers, as indicated by part (iv).28 Finally, part (v) indicates that

a restraint is more generous to firm 2 if and only if it leads firm 2 to make persistently smaller

transfer payments in equilibrium. This explains why the output cap contract generated worse

outcomes than the royalty contract in the examples from Section II(iv).: firm 2’s equilibrium

transfer payments are large under the royalty, but zero under the output cap. This implies

that output caps (or price floors) must produce more anticompetitive results than any restraints

involving nonzero transfers in equilibrium.

We conclude this section by identifying precise boundaries on the class of all proportional re-

straints. First, a proportional restraint must have a payoff curve Im(ueφ) that lies above Im(`)

(equivalently, ψφ(·) ≥ ψ) in order to be viable. This is a lower bound on Im(ueφ). The upper

bound corresponds to the payoff curve of a minimally proportional restraint.

Definition 1. φ is a minimally proportional restraint (MPR) if α+
φ (·) = αCS(·).
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An MPR is the most anticompetitive restraint within the class of all possible proportional

restraints: if its ARS were increased by any tiny amount, its bargaining cores would necessarily

contain disproportional outcomes. We now give the final result of this section.

Proposition 11. Let φ be an MPR. We have:

(i) ueφ(·) = u∗(·), where u∗(α) = (u∗1(α), u∗2(α)) is defined by

(16) u∗1(α) ≡ `1(θ
CS(α)) + ξCS(θCS(α)), u∗2(α) ≡ `2(θ

CS(α)),

where θCS(·) is the inverse of αCS(·) and ξCS(θ) ≡ Πe(αCS(θ))− L(θ).

(ii) ψφ(·) = ψ∗(·), where ψ∗(α) ≡ − θCS(α)πd

ξCS(θCS(α)) + θCS(α)(πm − πd1)
∈ (ψ, 0).

For an MPR, payoffs at α = αCS(θ) are u∗1(α
CS(θ)) = `1(θ)+ξCS(θ) for firm 1 and u∗2(α

CS(θ)) =

`2(θ) for firm 2.29 Hence firm 2’s IC constraint binds at α = αCS(θ), as required by Definition 1.

Whenever firm 2’s IC constraint binds, all “excess profits” from the settlement (joint-profits in

excess of L(θ)) are captured by firm 1. The term ξCS(θ) gives the maximal excess profits that

can be obtained without a settlement outcome becoming disproportional, which explains firm

1’s payoff. It follows that a restraint φ is proportional if and only if Im(ueφ) lies between Im(`)

and Im(u∗) (equivalently, ψ ≤ ψφ(·) ≤ ψ∗(·)). This is illustrated in the figure below, which is

similar to the right plot in Figure 1, but with the origin shifted to (πd1 , 0). The shaded region

comprises the payoff curves Im(ueφ) for all possible proportional restraints.

[INSERT FIGURE 2 ABOUT HERE]

III(ii)(d). Entry Restrictions

An entry restriction is a different type of restraint. The market is divided into two distinct

segments involving pure monopoly and pure duopoly, rather than having an intermediate amount

of competition market-wide. The firms bargain over t ∈ [0, 1], where t (resp. 1− t) specifies the

size of the monopoly (duopoly) segment, resulting in profits and consumer surplus

uER(t) ≡ tπm + (1− t)πd = `(t), CSER(t) ≡ tCS(qm) + (1− t)CS(qd) = Et[CS].
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An entry restriction achieves this result by limiting firm 2’s entry in some way, but without

otherwise restraining its post-entry conduct. This is illustrated in the following example of a

‘pure delay’ settlement, which restricts the date at which firm 2 gets to enter the market. Pure

delay settlements differ from pay-for-delay agreements in that they do not allow firm 1 to make

a lump sum payment to firm 2 in exchange for a longer delay in firm 2’s entry.30

Pure Delay Contract. Firm 2 can enter and compete freely beginning at date t ∈ [0, 1] in the

patent term (whose duration is T = 1). Thus, firm 1 will be a monopolist over the period

[0, t), whereas there will be unrestrained duopoly over the period [t, 1]. Note that litigation is

equivalent (in expectation) to delaying firm 2’s entry until date t = θ.

An equivalent example involves a territorial restriction: suppose the market can be decomposed

into a unit interval of independent (but otherwise equivalent) territories. Firm 1 operates in all

territories in [0, 1], while firm 2’s entry is limited to territories in the subinterval [t, 1]. Hence, the

only difference from pure delay is that now the market is being divided territorially rather than

temporally. A field-of-use restriction would operate similarly.31 Therefore, all entry restrictions

are economically equivalent.

Proposition 12. Under any entry restriction, for every θ, t = θ is the unique incentive compatible

t-value, resulting in profits uERi (θ) = `i(θ) and consumer surplus CSER(θ) = Eθ[CS].

Thus, entry restraints induce outcomes that are entirely equivalent to litigation. As such, an

entry restriction is equivalent to a hypothetical conduct restraint φ such that α−φ (θ) = α+
φ (θ) =

θ = αCSφ (θ).32 The normative implications are mixed. On one hand, bargaining outcomes

are not strictly socially efficient, implying entry restrictions are definitely less efficient than

many possible conduct restraints. On the other hand, entry restrictions are quite safe, simple,

and predictable: they divide up competition and profits in a very simple way that makes it

fundamentally impossible for the firms to mutually-benefit from disproportional outcomes.

III(ii)(e). Side Deals

Every settlement contract will include some restraint on firm 2. But it could further contain

one or both of two types of ‘side deals,’ which are negotiated independently of the restraint on

firm 2. The first is a so-called reverse payment : a lump sum payment from firm 1 to firm 2.33

The second is a counter-restraint : a separate restraint that is imposed on firm 1, so that both

firms are restrained, albeit not necessarily to the same extent.
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When a settlement contract does not include a side deal, the two components of a settlement

outcome (q and u) cannot be adjusted independently, as they are both determined by a single

bargained-over parameter. Equivalently, the firms cannot bargain independently over the size

and distribution of total profits. This implies that when the patent is weaker (lower θ), firm 2

will demand a more competitive settlement outcome, as this is the only way to give him more

profits. This is essential if private bargaining is to elicit desirable results. The role of side

deals is to eliminate this constraint by making it possible to satisfy firm 2 without having to

sacrifice any monopoly rents. In all cases, this makes the settlement design, in effect, ‘maximally

disproportional.’

When a contract includes a reverse payment term, the settlement design will contain 〈qm, u〉 for

all u such that u1 + u2 = Πm. Then it is clear that, for any θ, all Pareto efficient bargaining

outcomes will preserve monopoly in full.34 When a contract includes a counter-restraint, it is

essentially a cartel agreement. Even if θ = 0, highly anticompetitive outcomes can be incentive

compatible, so long as firm 1 is restrained nearly to the same extent as firm 2, which will ensure

that the distribution of profits is satisfactory to firm 2. For example, the firms could fix prices,

or agree to parallel territorial entry restrictions, so that each of them gets to be a monopolist

in some portion of the country. Based on this discussion, the following result is immediate:

Proposition 13. If a settlement contract includes a side deal, then, for all θ ∈ (0, 1), all Pareto

efficient (and incentive compatible) bargaining outcomes will be disproportional.

IV. PROPORTIONALITY AS TYPE REVELATION

Let us set aside the antitrust issues and consider a seemingly different problem: a contract

designer wants to construct a settlement contract that will force firms to reveal their type—i.e.

their private belief, θ—as accurately as possible. We will show that the contract designer’s

problem is equivalent to that of making the settlement contract as proportional as possible.

Define the information set of φ at α as

(17) Hφ(α) ≡ {θ |α ∈ Bφ(θ)}.

Given a restraint φ and an outcome α, Hφ(α) specifies the possible types θ that could have

mutually agreed upon the outcome α. Hence, the contract designer would prefer φ to ϕ if the

former generates smaller information sets than the latter. For interior α, the following function
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is a natural measure of the ‘smallness’ of Hφ(α):

(18) hφ(α) ≡ minHφ(α)

maxHφ(α)
.

Restraints achieving ‘perfect’ type revelation have singleton information sets and therefore

hφ(α) = 1. When a restraint is less informative about the firms’ type, this is reflected by

lower values hφ(α) < 1. We now give the main result of this section.

Proposition 14. For any φ, hφ(·) = ψφ(·)/ψ.

Corollary 1. ψϕ(·) > ψφ(·) if and only if hϕ(·) < hφ(·).

The proposition says that having a higher (less negative) ARS is equivalent to having larger

information sets. Hence a restraint achieves better type-revelation if and only if it induces

more proportional settlement outcomes. The result is easiest to see in the case of a perfectly

proportional restraint (PPR), which are discussed in the Online Appendix. A PPR is a restraint

φ such that Bφ(θ) = {θ} for all θ. PPRs thus have unique incentive compatible outcomes that

restrain competition by as little as possible (α = θ), implying they are as socially efficient as a

conduct restraint can be. Under such a restraint, each outcome α ∈ [0, 1] must be contained in

exactly one bargaining core (namely, α ∈ Bφ(θ)⇔ θ = α). Hence, a PPR’s information sets are

Hφ(α) = {α}, indicating perfect type revelation.35

However, the proposition is not limited to PPRs. On the contrary, it implies that the contract

designer’s preference ordering over restraints is the same as that of the regulator. This is because

deviations from perfect proportionality and deviations from perfect type-revelation are caused

by the same problem: the availability of excess profits to bargain over.36 Larger excess profits

simultaneously: (a) enlarge the restraint’s bargaining cores; and (b) shift the bargaining cores

toward more anticompetitive outcomes (Proposition 10). The former effect undermines type-

revelation, while the latter undermines proportionality.

V. DISCUSSION

Antitrust has long struggled to formulate an economically-sound and implementable policy

toward horizontal patent settlements. Shapiro [2003] made significant progress in proposing the

proportionality standard, which quickly gained favor and was recently embraced by the Supreme

Court. However, the standard is seemingly hard to implement, because antitrust liability hinges
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on the firms’ private beliefs about the operative patent(s). This difficulty has been successfully

overcome in the narrow context of delayed-entry settlements. But no prior work has shown how

the proportionality standard could be applied to any of the countless other types of settlement

contracts that have garnered antitrust scrutiny over the years.

Our paper shows that a regulator could effectively implement the proportionality standard uni-

versally by properly accounting for the firms’ settlement design: the economic structure of their

contract. The settlement design encodes critical information. It determines what competitive

outcomes are mutually acceptable as a function of the firms’ private beliefs, which in turn

determines how proportional (or disproportional) private bargaining outcomes will be for any

possible beliefs. A regulator can thus use this information to apply the proportionality standard

in a robust way—that is, without the need for any information about private beliefs. Specifically,

it can just regulate what types of contracts firms can use to settle.

Our paper answers both a theoretical question and a practical one. First, horizontal settlements

raise an interesting problem of how to regulate private dealings whose efficiency depends on

ambiguous and non-verifiable private information of the contracting agents. We have shown

that, by limiting the firms to a certain ideal settlement design, the regulator can robustly

accomplish its policy goals with the same efficiency that would be possible if the firms’ beliefs

were publicly observable. We have also shown that the proportionality of a settlement design is

one-to-one with its propensity to permit inferences about the firms’ private beliefs, effectively

demonstrating an equivalence between antitrust’s proportionality standard and the familiar

notion of type revelation.

Second, we have shown how the proportionality standard can be applied to any type of settlement

agreement that firms might realistically employ in practice. Real-world settlements ultimately

boil down to one or more contractual restraints and (possibly) lump sum side-payments. Our

results allow one to evaluate any combination of these basic ingredients. Proposition 13 suggests

that any contract involving reverse payments or counter-restraints (restraints imposed on the

patentee) will always induce disproportional outcomes, suggesting that all such contracts should

be unlawful. That reduces the set of potentially-permissible contracts to those involving only a

restraint on the challenger. And Proposition 10 shows that the proportionality of such contracts

is fully determined by how they distribute profits: restraints that are more generous to the chal-

lenger in terms of how they distribute profits will necessarily induce less proportional outcomes.

The simplicity and generality of this principle underscores the potential for our analysis to be

usefully applied in practice, as it is typically feasible to identify a disparity in how different

26

Electronic copy available at: https://ssrn.com/abstract=3823315



restraints distribute profits based on the inter-firm transfers they prescribe.

Additional Practical Considerations. The minimally proportional restraint (MPR) is the ideal

boundary for separating lawful restraints from unlawful ones. However, a real-world court will

be hard-pressed to precisely identify this threshold. But this kind of difficulty is not uncommon

in antitrust. In practice, an antitrust plaintiff would not necessarily have to show that the

defendant’s restraint will definitely lead to a disproportional outcome. Under the doctrine of

‘less restrictive alternatives’ [see, e.g., Hemphill, 2016] it is sufficient to show that there exists

an alternative restraint that would pose a lesser risk of consumer harm while still allowing for

a mutually beneficial settlement outcome. This merely requires that we can compare different

restraints on proportionality grounds, and our analysis allows for this based on how different

restraints distribute profits.

In our model, the patent (if valid and infringed) can completely block the patentee’s rival from

competing. But what if the patent has only an incremental effect on competition? In this case,

if the patentee prevails in litigation, the result would just be a less competitive duopoly (LCD).

Our model can be adjusted to accommodate this. This simply requires replacing the monopoly

outcome with the LCD outcome throughout the model. In this case, any settlement outcome

that is less competitive than the LCD would necessarily be disproportional for any θ. Otherwise,

the analysis is exactly analogous to that considered in the main text.

It is sometimes argued that a reverse payment can be efficient if it helps the firms to settle and

thereby avoid costly litigation. This would be necessary only if the firms have different priors

about the outcome of litigation (i.e. if they disagree about θ).37 However, this proposal fails

to address the core difficulty with horizontal patent settlements, which is that the firms’ beliefs

are private and non-verifiable. Consequently, a policy that says ‘reverse payments are allowed

when the firms disagree’ would not be implementable: all firms would strategically claim they

are unable to agree without a reverse payment, and there would be no way to disprove this claim

in any given case. The result would be that all settlements are disproportional.

A difficulty, which we acknowledge, is that it may be hard to prevent firms from attempting to

use ‘concealed’ side deals. For example, they may try to conceal a reverse payment by pretending

that it is merely a part of some unrelated transaction.38 In such cases, the firms’ settlement

contract might not be fully observed, whereas our approach requires that the full agreement

is observed. However, the risk that firms might collude in secret is not unique to the patent

settlement context, and it represents a separate problem from the one we focus on.
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Extensions. In the Online Appendix, we explore a number of extensions to the analysis from

the main text. First, we consider conduct restraints involving a payment schedule that depends

on both firms’ strategies, as opposed to just firm 2’s strategy. There are common examples of

real-world restraints that have this property. Under this generalization, different restraints can

generate different output paths. Second, we consider ‘perfectly proportional restraints’ (PPRs),

which are restraints whose bargaining cores are as proportional as possible. Third, we consider

‘accommodating restraints,’ which have the property that firm 2 can strictly benefit from being

restrained (albeit not by too much) due to strong strategic effects. Finally, we consider the

case of multiple challengers, meaning that the patentee must settle with multiple firms, because

all of them have credible threats to challenge the relevant patent. This creates a risk that

the challengers may want to be restrained excessively, as this can profitably soften competition

between challengers. However, restraints that are proportional in the single-challenger case will

typically still induce efficient outcomes in the case of multiple challengers.
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Notes

1A patent is ‘invalid’ (and thus unenforceable) if it was granted in error (e.g. because the invention is not

novel). Many granted patents are later deemed invalid. Absent a final judgment by a court, whether a patent is

valid is typically uncertain, and can thus be treated as probabilistic [e.g. Lemley and Shapiro, 2005].

2There is an extensive literature on pay-for-delay. See, e.g., Edlin et al. [2015]; Hemphill [2006]; Carrier [2012];

Elhauge and Krueger [2012]; Cotter [2002].

3Examples of such agreements in the antitrust case law include, respectively: U.S. v. General Electric

(Supreme Court, 1926); Atari Games v. Nintendo of America (Federal Circuit, 1990); Palmer v. BRG of

Georgia (Supreme Court, 1990); and Applera v. MJ Research (District of Connecticut, 2004).

4FTC v. Actavis (Supreme Court, 2013).

5Hence, the standard relies on the firms’ private beliefs as the relevant proxy for the expected result of

litigation. This way, firms are sanctioned only if they themselves believed their deal would harm consumers.

6If the patent holder makes a large payment to its rival, then one can infer that the firms believe the patent

is probably invalid. If the settlement also preserves monopoly (by delaying entry until patent expiration), then

it must be “disproportional” (worse for consumers than counterfactual litigation). See, e.g., Edlin et al. [2015].

7Such settlements are proportional (better for consumers than litigation) and more profitable than litigation.

8This is analogous to saying that the design of an auction will determine how effective it is in maximizing

revenues for any private valuations of the bidders.

9Chiou and Schmidtke [2012] extends the analysis in Shapiro [2003] in several ways. Some earlier articles

had proposed different standards of liability. For example, Kaplow [1984] argued that antitrust liability should

hinge on the ratio of the patentee’s incremental reward from engaging in a restrictive practice to the incremental

deadweight loss that accrues from it. And Meurer [1989] considered a regime in which antitrust limits the profits

that can be captured by horizontal settlements.

10One of our extensions considers the possibility that multiple challengers would enter the market, resulting

in N -firm competition rather than duopoly.

11Litigation costs make both parties willing to accept less favorable settlement terms due to the cost savings

they will get by settling. But this effect is independent of the type of contract firms use to settle, whereas our

analysis focuses on systematic differences between different types of settlement contracts.

12There will always be unrestrained competition after the patent term ends, regardless of how the firms settle.

After this date, there is no more lawful basis for restraining anyone’s use of the relevant invention.
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13E.g., if the patent is weak (low θ), then Eθ[CS] is close to CS(qd). If the settlement outcome 〈q, u〉 preserves

most or all of the monopoly rents, then CS(q) is close to CS(qm), and hence CS(q) < Eθ[CS].

14In principle, the antitrust plaintiff could himself attempt to formally litigate the patent (which would be

a separate suit). This could potentially void the settlement by invalidating the patent, but that would not

automatically trigger antitrust liability, as it would not necessarily imply that the firms acted in bad faith.

15See footnote 6. For more details see, e.g., Edlin et al. [2015].

16They are: `1(θ) = (4 + 5θ)/36; `2(θ) = (4− 4θ)/36; and Eθ[CS] = (16− 7θ)/72.

17All relevant equilibrium terms are derived in the proof of Proposition 1 (stated below).

18We define the constraint this way (rather than q2 ≤ κ) because we will define restraint parameters (e.g. r

or κ) in such a way that competition declines as the parameter increases.

19In practice, it may be hard to decide what assumptions on the oligopoly environment are reasonable in a

given case (this is true in all areas of antitrust). But our results have the property that comparisons between

different types of horizontal restraints generally hold up across different models of oligopoly competition.

20The firms will simply pick the most profitable option allowed by the regulator. We characterize this contract

below.

21We saw this in the output cap example. It happens when the transfer function φ(x2|α) merely assigns a

large monetary penalty (“damages”) when firm 2 breaches a contractual restriction on its conduct (whereas the

transfer is zero in lieu of breach). This will deter breach, leading to zero transfers in equilibrium.

22An example is a royalty consisting of a percentage of firm 2’s revenues, since revenues necessarily depend on

both x1 and x2.

23That is, 〈qeφ(0), ueφ(0)〉 = 〈qd, πd〉 and 〈qeφ(αm), ueφ(αm)〉 = 〈qm, πm〉.

24However, there are some possible restraints (considered in the Online Appendix) under which ue2,φ(α) can

be locally increasing when α is small, due to strong strategic effects.

25For instance, the per-unit royalty example had Im(ueφ) = Im(`) (see the proof of Proposition 1). This is why

the example had the property that there is always a unique incentive compatible outcome. It also implies that

the firms will not extract any more total profits than are necessary to satisfy both IC constraints, which will

translate into highly socially efficient bargaining outcomes for every θ.

26This is because φ does not distort firm 1’s reaction function. The Online Appendix considers the more

general case where restraints can have different output paths.

27Here we are letting φe(α) ≡ φ(xe2,φ(α)|α) denote the equilibrium transfers prescribed by φ.
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28This can be understood as follows: under a restraint with a higher ARS, increasing α is ‘less painful’ to firm

2, because it is getting systematically larger profit shares for every α. But this necessarily means that firm 1 is

getting smaller profit shares. Thus, increasing α is ‘less gratifying’ to firm 1. Combining these points, firm 2 is

willing to accept more anticompetitive outcomes, while firm 1 insists on it. This makes the entire bargaining

core strictly worse for consumers (for every interior θ).

29To see this, note that Definition 1 implies θCS(α+
φ (θ)) = θCS(αCS(θ)) = θ for all θ.

30Pure delay settlements have become common in the pharmaceutical industry since pay-for-delay settlements

were declared unlawful by the Supreme Court in 2013. See, e.g. Hovenkamp and Lemus [2018].

31A field-of-use restriction limits the set of downstream submarkets (comprising different applications of the

patented invention) that a licensee can enter. See, e.g., Schuett [2012].

32By Proposition 7, no conduct restraint actually has this property, because αCSφ (θ) = αCS(θ) > θ for every

conduct restraint φ. Hence, entry restrictions are fundamentally different from conduct restraints.

33Conduct restraints do not themselves allow for lump-sum transfers. The transfers assigned by a conduct

restraint are dependent on α and x2, whereas a lump sum can be set independently of both. Also, by (A2), every

conduct restraint must have zero transfers when α = 0.

34Given a settlement design S, an outcome 〈q, u〉 ∈ S is Pareto efficient if there does not exist 〈q′, u′〉 ∈ S such

that Π(q′) > Π(q) and u′i ≥ ui for each i.

35Equivalently, because PPRs have ψφ(·) = ψ (see the Online Appendix), Proposition 14 implies hφ(·) =

ψ/ψ = 1.

36These excess profits are Πe(α+
φ (θ)) − Πe(α−φ (θ)), which captures the difference in total profits between the

endpoints of Bφ(θ).

37If litigation costs are large, then they must disagree by a lot in order for settlement negotiations to fail.

38This happened in the Actavis case, with a large reverse payment being falsely described as a fee for marketing

services. For discussion of what things might qualify as ‘payments,’ see e.g. Carrier [2014].
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FIGURES
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Figure 1
Equilibrium and Payoffs for conduct restraint φ.

Notes: The figure plots the paths of equilibrium output allocations (left panel) and correspond-

ing payoff allocations generated by a conduct restraint φ, along with the set Im(`) of all possible

litigation payoff allocations (right panel).
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Im(u∗)
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ue2

Πm
ue1

Figure 2
The space of all proportional conduct restraints.
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APPENDIX A: PROOFS

Proof of Proposition 1.

Proof. Fix θ ∈ (0, 1). Under the stipulated duopoly model, the expected profits and consumer

surplus from litigation are `1(θ) = (4 + 5θ)/36; `2(θ) = (4− 4θ)/36; and Eθ[CS] = (16− 7θ)/72.

Using the new payoff functions ui(q|r), a royalty rate r ∈ [0, rm] = [0, 1
2
] induces the equilibrium

qe(r) = (1+r
3
, 1−2r

3
), which generates profits and consumer surplus of

ue1(r) =

(
1 + r

3

)2

+

(
1− 2r

3

)
r, ue2(r) =

(
1− 2r

3

)2

, CSe(r) =
1

2

(
2− r

3

)2

.

Define rIC(θ) ≡ [1 −
√

1− θ]/2. A bit of algebra shows that ue(rIC(θ)) = (`1(θ), `2(θ)). This

implies that rIC(θ) is uniquely incentive compatible, since ∂ue1/∂r > 0 > ∂ue2/∂r. Finally, it is

easy to verify that rCS(θ) = [4−
√

16− 7θ]/2, implying rIC(θ) < rCS(θ).

Proof of Proposition 2.

Proof. Fix θ ∈ (0, 1). Using the new payoffs ui(q|κ), a cap value κ ∈ [0, κm] = [0, 1
3
] induces the

equilibrium qe(κ) = (2+3κ
6
, qd2 − κ), which yields profits and consumer surplus

ue0(κ) =

(
2 + 3κ

6

)2

, ue1(κ) =

(
2 + 3κ

6

)(
2− 6κ

6

)
, CSe(κ) =

1

2

(
4− 3κ

6

)2

.

A cap value κ is incentive compatible iff κ−(θ) ≤ κ ≤ κ+(θ), where these bounds solve

ue1(κ
−(θ)) = `1(θ) and ue2(κ

+(θ)) = `2(θ) (the functions `i(θ) and Eθ[CS] were given in the

proof of Proposition 1). Some algebra yields κ−(θ) = [
√

4 + 5θ− 2]/3; κ+(θ) = [
√

1 + 8θ− 1]/3;

and κCS(θ) = [4−
√

16− 7θ]/3, implying κCS(θ) < κ−(θ) < κ+(θ).

Proof of Proposition 3.

Proof. Fix θ ∈ (0, 1). It suffices to show that the proposition is satisfied by some outcomes

〈q, u〉 such that q = q(α) ≡ αqm + (1 − α)qd for some α ∈ [0, 1]. Our assumptions on the

oligopoly game (see Appendix B) ensure that TS(q) and Π(q) are concave in q (strictly if

products are differentiated). It is then straightforward to verify that TSe(α) ≡ TS(q(α)) and

Πe(α) ≡ Π(q(α)) are strictly concave in α whether or not products are differentiated (when
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products are homogeneous, our assumptions imply that the Hessian H of TS(q) (or Π(q)) has

vT ·H ·v < 0 for any vector v pointing in a direction along which TS (or Π) is nonconstant). Hence

TSe(θ) > θTSe(1)+(1−θ)TSe(0) = Eθ[TS] and Πe(θ) > θΠe(1)+(1−θ)Πe(0) = L(θ). Because

TSe (resp. Πe) is strictly decreasing (increasing) in α, it follows that απ(θ) < θ < αTS(θ), where

we define TSe(αTS(θ)) ≡ Eθ[TS] and Πe(απ(θ)) ≡ L(θ). Letting CSe(α) ≡ CS(q(α)), we

have Eθ[TS] = L(θ) + Eθ[CS] = Πe(απ(θ)) +CSe(αCS(θ)), where CSe(αCS(θ)) ≡ Eθ[CS]. Now

consider the difference

TSe(απ(θ))− TSe(αTS(θ)) = Πe(απ(θ)) + CSe(απ(θ))− {Πe(απ(θ)) + CSe(αCS(θ))}

= CSe(απ(θ))− CSe(αCS(θ)).

The lefthand side is positive, since απ(θ) < αTS(θ). The positivity of the righthand side then

implies απ(θ) < αCS(θ). Now define ui(α) ≡ `i(θ) + [Π(q(α)) − L(θ)]/2 (implying u1(α) +

u2(α) = Π(q(α)). Then, for any α such that απ(θ) < α < αCS(θ), the outcome 〈q(α), u(α)〉 has

u1(α) > `1(θ), u2(α) > `2(θ), and CS(q(α)) > Eθ[CS], as desired.

Proof of Lemma 1.

Proof. Fix θ. Incentive compatibility requires that total profits are at least L(θ). Increasing

profits necessitates deadweight losses, so maximizing total surplus (subject to the IC constraints)

involves limiting total profits to Π(qFB(θ)) = L(θ). For this to be incentive compatible, the

distribution of profits must be uFBi (θ) = `i(θ). The given expression for qFB(θ) ensures that it

maximizes total surplus subject to this level of total profits.

Proof of Proposition 4.

Proof. Fix θ and let SFB ≡ {〈qFB(θ), uFB(θ)〉 : 0 ≤ θ ≤ 1}. The unique incentive compatible

outcome in SFB is 〈qFB(θ), uFB(θ)〉, because θ′ > θ (resp. θ′ < θ) ⇔ uFB2 (θ′) = `2(θ
′) < `2(θ)

(uFB1 (θ′) = `1(θ
′) < `1(θ)).

Proof of Proposition 5.

Proof. Using the proof of proposition 1, the royalty’s equilibrium payoffs satisfy ue(rIC(θ)) =

(`1(θ), `2(θ)). Thus, ue(rIC(θ)) = uFB(θ). The stipulated conditions on demand and cost
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functions imply that Π(q) and CS(q) depend only on total output (not on its distribution).

Then the definition of qFB(θ) is satisfied by any q satisfying Π(q) = L(θ). We know that

qe(rIC(θ)) has this property, and hence qe(rIC(θ)) = qFB(θ). Thus, noting that rIC(θ) is a

bijection, it follows that

Sroy = {〈qe(r), ue(r)〉 : 0 ≤ r ≤ rm}

= {〈qe(rIC(θ)), ue(rIC(θ))〉 : 0 ≤ θ ≤ 1}

= {〈qFB(θ), uFB(θ)〉 : 0 ≤ θ ≤ 1}

= SFB.

Proof of Proposition 6.

Proof. Assumptions (A1)-(A2) imply that, as α goes from zero to αm = 1, xe2,φ(α) changes

continuously from xd2 to xm2 . Since φ does not distort firm 1’s reaction function, denoted by

R1(x2), every equilibrium xeφ(α) has xe1,φ(α) = R1(x
e
2,φ(α)). Thus Im(qeφ) = {q̂(R1(x2), x2) |x2 ∈

Xe
2}, where Xe

2 ≡ {λxm2 + (1 − λ)xd2 | 0 ≤ λ ≤ 1}. The expression for Im(qeφ) is independent of

φ, implying Im(qeφ) = Im(qeϕ) for every φ and ϕ. By (A3), we also have Πe
φ(·) = Πe

ϕ(·) = L(·).
Then, since total profits are strictly rising along the output path, we must have qeφ(α) = qeϕ(α)

for all α. Hence qeφ(·) is independent of φ, implying the same for CSeφ(·) and TSeφ(·).

Proof of Proposition 7.

Proof. Fix any φ and any interior θ. Consider inequalities (29) and (30) from assumption (AIII)

in Appendix B. Assumptions (A1)-(A2) (in the main text) ensure that xe2,φ(θ) lies in the interior

of Xe
2 ≡ {x2 = λxm2 + (1 − λ)xd2 | 0 ≤ λ ≤ 1}. Evaluating (29) and (30) at x2 = xe2,φ(θ), the

total/producer surplus functions from these inequalities can be written as TSe(θ) and Πe(θ).
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Then, using Πe(θ) = L(θ) from (A3), we can rearrange and combine the inequalities as

TSe(θ)− TSe(0)

TSe(1)− TSe(0)
<
|xe2,φ(α)− xd2|
|xm2 − xd2|

<
Πe(θ)− Πe(0)

Πe(1)− Πe(0)
(19)

⇐⇒ TSe(θ)− TS(qd)

TS(qm)− TS(qd)
<
L(θ)− Πd

Πm − Πd
=
θ(Πm − Πd)

Πm − Πd
= θ(20)

⇐⇒ TSe(θ)− TS(qd) > θ(TS(qm)− TS(qd))(21)

⇐⇒ TSe(θ) > Eθ[TS].(22)

The inequality switches directions because TSe(1) − TSe(0) < 0, which also explains the first

inequality in the top line above. Define αTS(·) by TSe(αTS(θ)) ≡ Eθ[TS]. Since ∂TSe/∂α < 0,

the final inequality above implies that θ < αTS(θ). Now consider the difference

TSe(θ)− TSe(αTS(θ)) = Πe(θ) + CSe(θ)− Eθ[TS](23)

= L(θ) + CSe(θ)− {L(θ) + Eθ[CS]}(24)

= CSe(θ)− Eθ[CS].(25)

The lefthand side is positive, since θ < αTS(θ). Hence CSe(θ) > Eθ[CS] ⇔ θ < αCS(θ). Thus,

we have TS(αCS(θ)) = Πe(αCS(θ)) + Eθ[CS] > Πe(θ) + Eθ[CS] = L(θ) + Eθ[CS] = Eθ[TS].

Proof of Proposition 8.

Proof. Let ϕ(x2|α) be a viable restraint. If ϕ is a proportional restraint with α+
ϕ (·) < αCS(·)

then we are done, so suppose that it is not. Define φ(x2|α) ≡ ϕ(x2|α) + ∆(α), where ∆(α) ≡
ue2,ϕ(α) − `2(α). Since the alteration ∆(α) is independent of x2, φ and ϕ will induce the same

equilibrium strategy choices: xeφ(·) = xeϕ(·). Under φ, firm 2’s payoffs are ue2,φ(α) = `2(α). Using

(A3), ue1,φ(α) = Πe(α) − ue2,φ(α) = L(α) − `2(α) = `1(α). This implies that α−φ (θ) = α+
φ (θ) = θ

and hence Bφ(θ) = {θ} (for any θ). Thus bargaining cores are nonempty, so φ is viable. Further,

using Proposition 7, α+
φ (θ) = θ < αCS(θ) for all interior θ, which completes the proof.

Proof of Proposition 9.

Proof. Both parts follow from inspection of the right plot in Figure 1.
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Proof of Proposition 10.

Proof. For (i)⇔ (ii), note that the inequality ψφ(α) < ψϕ(α) can be written as

ue2,φ(α)− πd2
Πe(α)− ue2,φ(α)− πd1

<
ue2,ϕ(α)− πd2

Πe(α)− ue2,ϕ(α)− πd1
⇐⇒ ue2,φ(α) < ue2,ϕ(α).

Hence ψφ(·) < ψϕ(·) ⇔ ue2,φ(α) < ue2,ϕ(α) (and therefore ue1,φ(α) > ue1,ϕ(α)) for all α ∈ (0, 1).

This immediately gives (ii) ⇔ (iii), because `1(θ) = ue1,φ(α−φ (θ)) > ue1,ϕ(α−φ (θ)) ⇔ α−ϕ (θ) >

α−φ (θ) for interior θ, and similarly for α+
ϕ (θ) and α+

φ (θ). Then (iii)⇔ (iv) follows from the fact

that CSe(α) is strictly decreasing. To complete the proof, (ii)⇔ (v) follows from the fact that

ue1,φ(α) = π1(q
e(α)) + φe(α) and ue2,φ(α) = π2(q

e(α))− φe(α) for any restraint φ.

Proof of Proposition 11.

Proof. By definition, an MPR φ has ue2,φ(αCS(θ)) = `2(θ) for all θ. This implies

ue1,φ(αCS(θ)) = Πe(αCS(θ))− `2(θ) = Πe(αCS(θ))− L(θ) + L(θ)− `2(θ) = ξCS(θ) + `1(θ).

Then the desired expression for ueφ(α) = u∗(α) follows from the definition of θCS(α). Plugging

these payoffs into the definition of the ARS gives the desired expression for ψφ(α) = ψ∗(α).

Proof of Proposition 12.

Proof. uER(θ) = `(θ), `′1(θ) > 0, and `′2(θ) < 0 imply that t = θ is uniquely incentive compatible

for every θ. The rest of the proposition then follows from the definitions of uER(t) and CSER(t).

Proof of Proposition 14.

Proof. Define θ−φ (α) ≡ minHφ(α) and θ+φ (α) ≡ maxHφ(α). By the definition of Hφ(α), these

terms must satisfy ue2,φ(α) = `2(θ
−
φ (α)) and ue1,φ(α) = `1(θ

+
φ (α)). Solving these equations yields

θ−φ (α) =
πd2 − ue2,φ(α)

πd2
, θ+φ (α) =

ue1,φ(α)− πd1
Πm − πd1

.

40

Electronic copy available at: https://ssrn.com/abstract=3823315



Thus, hφ(α) = θ−φ (α)/θ+φ (α) = −ψφ(α)/− ψ = ψφ(α)/ψ.

APPENDIX B: OLIGOPOLY MODEL

The demand system is obtained from a representative consumer, following Vives [1999]. Given

prices p = (p1, p2), the consumer chooses quantities q = (q1, q2) to solve

(26) max
q

W (q)− p,

where W (q) is a utility function assumed to be smooth and strictly increasing in each argument,

with ∂2W
∂q2i
≤ ∂2W

∂qi∂qj
< 0. Since we have only two goods, this implies they are gross substitutes.

The consumer’s first order conditions pin down inverse demand functions as

(27) Pi(q) =
∂W (q)

∂qi
.

As noted in the main text, each firm i chooses xi ∈ Xi ≡ [xi, xi]; there is a function q̂i(x)

that specifies i’s output as a function of x = (x1, x2) ∈ X1 × X2; and profit functions take

the form πi(q̂(x)), where q̂(x) ≡ (q̂1(x), q̂2(x)) and πi(q) ≡ Pi(q)qi − ciqi. The assumptions

on W imply that cross-effects in the system {P1, P2} are symmetric and that ∂Pi

∂qi
≤ ∂Pi

∂qj
< 0,

where the first inequality is strict if and only if products are differentiated. It follows that

total surplus TS(q) is concave in q (strictly if products are differentiated), in addition to being

strictly concave in each qi. To see this, note that (using (27)) the Hessian of TS(q) has elements

Hi,j(q) = ∂2TS(q)
∂qi∂qj

= ∂Pi(q)
∂qj

< 0, which ensures that the Hessian is negative semidefinite (negative

definite if products are differentiated). We impose the following additional assumptions:

(AI) Reaction functionsRi(xj) ≡ arg maxxi πi(q̂(x)) are singleton-valued and twice continuously

differentiable.

(AII)
∂2Π

∂q2i
≤ ∂2Π

∂qi∂qj
< 0 , strictly if products are differentiated.

Assumption (AI) ensures that best responses are unique and reasonably well-behaved. (AII)

implies that producer surplus is concave in q (strictly if products are differentiated), in addition

to being strictly concave in each qi. This is implied if inverse demand is concave, but is weaker

than that. The assumptions in (2) from the main text stipulate that total profits attain a

maximum under monopoly (x = xm). This implies that, if products are differentiated, then
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firm 1 must be sufficiently more efficient (c1 < c2) to ensure that monopoly is Π-maximizing.

This excludes the possibility that total profits are uniquely maximized by a cartel outcome in

which both firms are active. That situation raises a number of distinct issues, because it is not

profit-maximizing to fully exclude the challenger. Moreover, in practice, the relevant settlements

usually result in both firms selling very similar or identical products. For these reasons, we leave

analysis of this situation to future work.

Finally, we impose an assumption ensuring that aggregate surplus functions obey standard

comparative statics within the set of possible equilibrium outcomes that can be induced using

conduct restraints. Let Xe
2 ≡ {x2 = λxm2 + (1 − λ)xd2 | 0 ≤ λ ≤ 1} and define TSR : Xe

2 → R+

and ΠR : Xe
2 → R+ by

(28) TSR(x2) ≡ TS(q̂(R1(x2), x2)), ΠR(x2) ≡ Π(q̂(R1(x2), x2)).

These functions give the total and producer surplus levels corresponding to strategy profiles

lying on the graph of R1(·) (restricted to Xe
2 ⊂ X2). These are the profiles arising in the

possible equilibria generated by conduct restraints. Under standard comparative statics, total

and producer surplus are concave in output (and price). Under our assumptions, TS and Π

are indeed concave in q. But, if products are differentiated and R1 is highly nonlinear, then

this does not necessarily ensure TSR and ΠR are globally concave in x2. That is, their second

derivatives may not always be negative. Concavity characterizes a function’s behavior along

straight lines, but here we are evaluating TS(·) and Π(·) along the possibly nonlinear curve of

q-vectors generated by strategy profiles lying on the graph of R1. Therefore, we will not assume

that they are globally concave, but rather that they satisfy a weaker condition:

(AIII) For all interior x2 ∈ Xe
2 ,

TSR(x2)− TSR(xd2)

|x2 − xd2|
>
TSR(xm2 )− TSR(xd2)

|xm2 − xd2|
,(29)

ΠR(x2)− ΠR(xd2)

|x2 − xd2|
>

ΠR(xm2 )− ΠR(xd2)

|xm2 − xd2|
.(30)

This says that the average slope of TSR (resp. ΠR) between xd2 and x2 ∈ Xe
2 is higher whenever

x2 is interior than it is when x2 = xm2 . Equivalently, the graph of TSR (resp. ΠR) lies above

the straight line connecting its endpoints (which correspond to its values at xd2 and xm2 ). This

is clearly implied if TSR and ΠR are strictly concave, in which case their average slopes are
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monotonically falling as x2 approaches xm2 . It is straightforward to verify that such monotonicity

is assured if |R′′1(·)| does not get too large. But (AIII) does not require such monotonicity.
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